In this, the first of two companion papers, we present a method for finding the gravitational self-force in a modified radiation gauge for a particle moving on a geodesic in a Schwarzschild or Kerr spacetime. An extension of an earlier result by Wald is used to show the spin-weight ±2 perturbed Weyl scalar (ψ0 or ψ4) determines the metric perturbation outside the particle up to a gauge transformation and an infinitesimal change in mass and angular momentum. A Hertz potential is used to construct the part of the retarded metric perturbation that involves no change in mass or angular momentum from ψ0 in a radiation gauge. The metric perturbation is completed by adding changes in the mass and angular momentum of the background spacetime outside the radial coordinate r0 of the particle in any convenient gauge. The resulting metric perturbation is singular only on the trajectory of the particle. A mode-sum method is then used to renormalize the self-force. Gralla shows that the renormalized self-force can be used to find the correction to a geodesic orbit in a gauge for which the leading, O(ρ −1 ), term in the metric perturbation has spatial components even under a parity transformation orthogonal to the particle trajectory, and we verify that the metric perturbation in a radiation gauge satisfies that condition.
In this, the first of two companion papers, we present a method for finding the gravitational self-force in a modified radiation gauge for a particle moving on a geodesic in a Schwarzschild or Kerr spacetime. An extension of an earlier result by Wald is used to show the spin-weight ±2 perturbed Weyl scalar (ψ0 or ψ4) determines the metric perturbation outside the particle up to a gauge transformation and an infinitesimal change in mass and angular momentum. A Hertz potential is used to construct the part of the retarded metric perturbation that involves no change in mass or angular momentum from ψ0 in a radiation gauge. The metric perturbation is completed by adding changes in the mass and angular momentum of the background spacetime outside the radial coordinate r0 of the particle in any convenient gauge. The resulting metric perturbation is singular only on the trajectory of the particle. A mode-sum method is then used to renormalize the self-force. Gralla shows that the renormalized self-force can be used to find the correction to a geodesic orbit in a gauge for which the leading, O(ρ −1 ), term in the metric perturbation has spatial components even under a parity transformation orthogonal to the particle trajectory, and we verify that the metric perturbation in a radiation gauge satisfies that condition.
We show that the singular behavior of the metric perturbation and the expression for the bare self-force have the same power-law behavior in L = ℓ + 1/2 as in a Lorenz gauge (with different coefficients). We explicitly compute the singular Weyl scalar and its mode-sum decomposition to subleading order in L for a particle in circular orbit in a Schwarzschild geometry and obtain the renormalized field. Because the singular field can be defined as this mode sum, the coefficients of each angular harmonic in the sum must agree with the large L limit of the corresponding coefficients of the retarded field. One may therefore compute the singular field by numerically matching the retarded field to a power series in L. To check the accuracy of the numerical method, we analytically compute leading and subleading terms in the singular expansion of ψ0 and compare the numerical and analytic values of the renormalization constants, finding agreement to high precision. Details of the numerical computation of the perturbed metric, the self-force, and the quantity h αβ u α u β (gauge invariant under helically symmetric gauge transformations) are presented for this test case in the companion paper. 
I. INTRODUCTION
Among the most important sources for LISA are extreme mass ratio inspirals (EMRIs) of solar mass compact objects into supermassive black holes. LISA could potentially measure hundreds of EMRI events [1] whose wide range of astrophysical and fundamental implications [2, 3] include determination of the Hubble constant [4, 5] ; of luminosity distance, mass and spin of galactic black holes; and measurements of the deviation from a Kerr geometry of the central object [6] . Such measurements depend on accurate parameter estimation, for which it is essential to have accurate gravitational waveforms available; these require an accurate calculation of the gravitational self-force experienced by the particle.
The gravitational self-force contains both dissipative and conservative parts. The dissipative part is simply the familiar contribution from the half-retarded minus half-advanced Green's function, smooth at the position of the particle. The more difficult portion of calculating the gravitational self-force is the determination of the conservative part of the field. Estimates of its effect on the phase of the waveform are given, for example in [7] [8] [9] [10] [11] ). The focus of our work is on this latter problem. A number of authors have worked on this problem in recent years. Poisson's Living Review [12] is a comprehensive self-contained introduction to the subject; Barack [13] gives an extensive recent review; and Detweiler [14] provides a more concise summary.
A complicating feature of the conservative part of the self-force is a combination of its inherent non-locality in curved space due to scatter off curvature [15] [16] [17] ) and the singular behavior of its expression near the particle. The calculation can be made tractable through the observation that the field consists of both a regular part that is entirely responsible for the self-force and a singular part that contributes nothing to the self-force.
The other complicating feature of self-force computations is the choice of gauge. The Lorenz gauge is particularly useful for sorting out formal issues but does not lead to separable, decoupled equations in the Kerr spacetime. For this reason we choose to work in a radiation gauge that exploits the separability of the Teukolsky equation [18, 19] for the perturbed Weyl scalar ψ 0 in the Kerr background. Using the Hertz potential formalism developed for gravity by Kegeles and Cohen [20, 21] , Chrzanowksi [22] , Stewart [23] and Wald [24] (which we will call the CCK formalism), it is possible to construct a metric perturbation from source-free solutions to the Teukolsky equation. Explicit forms of the reconstruction are given for perturbations of Schwarzschild and Kerr spacetimes, respectively, by Lousto and Whiting [25] and Ori [26] . With ψ 0 written as a sum of angular harmonics (in Kerr, a sum of oblate spheroidal harmonics), the reconstruction yields the part of the perturbed metric that has no change in the mass or angular momentum of the spacetime. There is a radiation-gauge form of a change in mass (an ℓ = 0 perturbation in the case of a Schwarzschild background) that arises from a Hertz potential in the CCK formalism, but it is singular on a ray through the particle [27, 28] . One can find a nonsingular form for the metric of a mass perturbation in a radiation gauge [28] , but we know of no advantage to using it. To obtain a gauge in which the perturbed metric is singular only on the particle's trajectory, we add the change in mass and angular in a gauge for which that part of the metric perturbation is continuous.
An expression for the self-force is then found as a mode-sum in terms of the retarded metric. To renormalize it, one must subtract off a singular part that does not contribute to the self-force. We consider two alternatives, involving either an analytic or numerical determination of the singular part of the expression for the self-force f α as a power series in the integer ℓ that labels the angular eigenvalues (more precisely, a series involving L := ℓ + 1/2). Renormalization relies on subtracting from the bare self-force -from the expression for the self-force in terms of the retarded field -a singular part that does not contribute to the self-force. This can be checked by showing that the singular vector field f s α that one subtracts has vanishing angle-average over a small sphere about the particle. In the case of a circular orbit about a Schwarzschild black hole, the conservative part of the self force is axisymmetric about a radial ray through the particle. We numerically compute the axisymmetric part of f s α and show that (as in a Lorenz gauge) it coincides with the axisymmetric part of −m∇ α 1 ρ , with ρ the geodesic distance to the trajectory. Because the angle-average of ∇ α 1 ρ over a sphere of radius ρ about the particle vanishes as ρ → 0, the renormalized self-force gives the first-order correction to geodesic motion in our modified radiation gauge.
The paper is organized as follows: In Sec. II, we introduce the self-force equations and a criterion for their use in a generic gauge; we briefly review features of mode-sum renormalization in a Lorenz gauge; and we review relevant parts of the Newman-Penrose [29, 30] formalism and spin-weighted harmonics. In Sec. III, we begin with a list of the steps involved in computing the self-force in a modified radiation gauge. In the subsections that follow, we obtain a simple analytic expression for the singular part of each of the Weyl scalars ψ 0 and ψ 4 ; we relate the small-distance behavior of the Weyl scalars to their large ℓ behavior, and observe that the singular behavior in ℓ of the expression for the self-force has the same behavior (involves the same powers of ℓ) in a radiation gauge as in a Lorenz gauge; and we show that the perturbed metric obtained from ψ 0 is unique up to gauge transformations and the addition of metric perturbations corresponding to infinitesimal changes in mass and spin. We conclude the section by studying the parity of the radiation-gauge part of the perturbed metric; in particular, we show that spatial part of the metric (in the frame of the particle) is even under parity to leading order in the geodesic distance ρ to the trajectory. In Sec. IV, we specialize to a particle in a circular orbit around a Schwarzschild black hole, finding ψ ret 0 and ψ s 0 , the retarded and singular forms of ψ 0 and comparing the analytic and numeric methods of renormalizing ψ 0 . The substantial analytical work involved in the mode-sum expression for the leading and subleading terms of ψ s 0 is detailed in an appendix. Finally, in Sec. V, we briefly discuss the results.
Conventions
Greek letters early in the alphabet α, β, . . . will be abstract spacetime indices; letters µ, ν, . . . will be concrete spacetime indices, labeling components in Schwarzschild or Boyer-Lindquist coordinates. Bold-face Greek indices µ, ν will label components along the null Newman-Penrose (NP) tetrad defined in Eq. (18) below. We adopt the + − −− signature of Newman and Penrose and use the standard names l α , n α , m α ,m α for the null NP tetrad and NP notation for the spin coefficients.
II. REVIEW OF SELF-FORCE AND OF BLACK-HOLE PERTURBATIONS IN AN NP FRAMEWORK.
A. Gravitational self-force
We work in linear perturbation theory, for which the metric perturbation is a solution with point-particle source to the Einstein field equation linearized about a Kerr or Schwarzschild background. With the particle's mass, trajectory and velocity denoted by m, z(τ ) and u α , respectively, the source is given by
Here u α = u α (x) when x lies on the particle's trajectory, and the δ-function is normalized by δ 4 (x, z) |g|d 4 x = 1. We denote by h ret αβ the retarded solution to the perturbed Einstein equation with this source. As noted by Quinn and Wald and by Detweiler and Whiting [31] , in the MiSaTaQuWa prescription for finding the self-force [15, 16] , a particle follows a geodesic of the metric g αβ + h ren αβ , where h ren αβ is given by
with h s αβ a locally defined singular field, chosen to cancel the singular part of h ret αβ and to give no contribution to the self-force. The perturbed geodesic equation has the form
Here a α is the acceleration with respect to the background metric, and the self-force is, by definition, f α = ma α . We will denote by a ret α the expression on the the right side of Eq. (3), with h ren αβ replaced by h ret αβ . Work by Gralla [32] , following a careful justification of the self-force equations by Gralla and Wald [33] , gives the following characterization of a α , based on the vanishing of the angle-averaged singular part of the expression for the self-force: Let ρ be geodesic distance to the particle trajectory. Let h ret αβ be the retarded metric perturbation in a gauge for which its spatial part near the trajectory is O(ρ −1 ) and has even parity to that order. Then the self-force is given in local inertial coordinates about P by
where S ρ is a sphere of constant ρ in a geodesic surface orthogonal to the worldline. That is, the first-order perturbative correction to the geodesic equation is
with a ren α given by Eq. (4).
One can thus identify the singular part of the self-force with any vector field ma s α near the particle trajectory for which a ret α − a s α is continuous and
Then a ren α (P ) = lim
A free particle in flat space has no self-force, and the form of its linearized field can be used to obtain a s α in a curved spacetime. Its linearized gravitational field in a Lorenz gauge is the Schwarzschild solution in isotropic coordinates, linearized about flat space
In a Lorenz gauge for a particle in geodesic motion in a curved background, the singular part h s αβ of the metric perturbation takes this form in local inertial coordinates T, X, Y, Z centered at at any point P along the trajectory, with ∂ T = u:
The corresponding singular part of the self-force is given by
As in flat space, the angle-average of f µ over a sphere of constant ρ vanishes in the small-ρ limit. In particular, although the leading correction to the flat-space coordinate expression x i /ρ 3 can be a term of order ρ 0 , the term has the form c jk x i x j x k /ρ 3 ; because the term is odd in x i , we have
Because the self-force involves only the values of ∇ γ h ren αβ on the particle's trajectory, two tensors h s αβ and h s αβ give the same self-force if ∇ γ ( h s αβ − h s αβ ) vanishes on the particle's trajectory. In particular, Detweiler and Whiting [31] show that there is a choice h S αβ of the singular field that is a locally defined solution to the perturbed field equations with the same point-particle source. One can choose local inertial coordinates (THZ, coordinates, for example) for which the Detweiler-Whiting singular solution differs from the form (9) by terms of order ρ 2 [34] . Following the notation in Detweiler-Whiting, we denote their form of the singular field by an upper-case S.
B. Mode-sum renormalization
A review of mode-sum renormalization, is given in Ref. [13] . We recall some of its main features in a Lorenz gauge; many of these continue to hold in our (modified) radiation gauge.
In mode-sum renormalization, the retarded field h ret αβ and the corresponding expression a ret α are written as sums over angular harmonics, labeled by ℓ, m. In a Schwarzschild background, these are unambiguously associated with the spherical symmetry of the backgound. In Kerr, one can use the spherical coordinates of a Boyer-Lindquist chart to define the decomposition. When the retarded field is written as a superposition of angular harmonics, its shortdistance singular behavior (9) is replaced by a large L-divergence of the mode sum at the position of the particle. (Appendix B relates the large L behavior of an function on a sphere to its singular behavior for small ρ.)
For a particle at coordinate radius r 0 , the angular harmonics have finite limits as r → r 0 from r < r 0 or r > r 0 . Denoting by h ret µνℓ the sum over m of all harmonics belonging to a given ℓ, one has
Similarly, with a ret α ℓ the contribution to a ret α from h ret µνℓ , the large-L behavior of a ret α ℓ is given by
Explicit expressions for the renormalization coefficients A ± µ and B µ have been found for generic orbits in a Kerr background by Barack [13] , who shows that the first two terms in this expansion reproduce the singular part of the acceleration, −∇ α 1 ρ , up to terms that vanish at the particle:
The fact that the term of order L −1 vanishes for each component a s µ is related to the behavior of a short-distance expansion in which terms of order ρ k with k even occur with an odd number of factors of x i . The retarded acceleration, expressed as a mode-sum that diverges on the particle trajectory, is regularized by a cutoff ℓ max in ℓ,
and the renormalized acceleration is given by
C. Black-hole perturbations in an NP framework
The present method obtains the metric perturbation from components of the Weyl tensor along basis vectors of an NP tetrad
whose two real null vectors l α and n α are along the principle null directions of the Kerr geometry. In particular, the Kinnersley tetrad has in Boyer-Lindquist coordinates the components
where ∆ = r 2 − 2M r + a 2 . We denote the associated derivative operators by
where boldface distinguishes these operators from subsequently defined scalars. The nonzero spin coefficients are
where we distinguish ̺ from ρ introduced before Eq. (4). The spin-weight s = ±2 components, ψ 0 and ψ 4 , of the perturbed Weyl tensor are given by
Each satisfies the decoupled Teukolsky equation appropriate to its spin weight:
The scalars ψ ret 0 and ̺ −4 ψ ret 4 can be decomposed into time and angular harmonics,
where the s S ℓmω are oblate spheroidal harmonics and where s R ℓmω satisfies the radial equation,
with K = (r 2 + a 2 )ω − ma. The source, a distribution involving δ(r − r 0 ) and its first two derivatives, is obtained from the source term in Eq. (23) using the completeness and orthogonality of the spin-weighted spheroidal harmonics.
Each angular eigenvalue λ is a continuous function of a. For a Schwarzschild background, λ has the value (ℓ − s)(ℓ + s + 1), and for Kerr it is labeled by its value of ℓ at a = 0.
For perturbations of Schwarzschild, tensor components with s 1 indices along m α and s 2 indices alongm α have angular behavior given by spin-weighted spherical harmonics s Y ℓm (θ, φ) with spin-weight s = s 1 − s 2 , where
D. Reconstruction of the metric perturbation from ψ0 or ψ4
The CCK procedure for obtaining metric perturbations from perturbed Weyl scalars was developed by Chrzanowski and by Cohen and Kegeles [20] [21] [22] (see also Stewart [23] ), and a simpler derivation is given in Wald [24] . Discussions in the context of the self-force problem are found in [25, 26] and [28] .
The procedure gives the metric perturbation in a radiation gauge, a gauge characterized by the conditions
or by the corresponding conditions
Price, Shankar and Whiting [35, 36] show that a radiation gauge exists locally for vacuum perturbations of any type D vacuum spacetime. The CCK construction has two parts. Given a solution ψ 0 or ψ 4 to the source-free s = ±2 Teukolsky equation, one first finds a Hertz potential, a function Ψ that again satisfies a source-free Teukolsky equation. Then, by taking derivatives of the Hertz potential, one constructs a metric perturbation for which ψ 0 and ψ 4 are the perturbed Weyl scalars.
There is a striking difference between the asymptotic behavior produced by the CCK procedure and the asymptotic behavior of a metric perturbation in a Lorenz gauge that approximately satisfies Eq. (29) or (30) . The difference is related to the terminology used in the literature for the two families of radiation gauges, in which the gauge satisfying l β h αβ = 0 is called the IRG or ingoing radiation gauge and the gauge satisfying n β h αβ = 0 is called the ORG or outgoing radiation gauge.
Outgoing solutions in a Lorenz gauge (for example modes for which the metric perturbation has asymptotic behavior e −iωu /r + O(r 2 )), however, satisfy the IRG conditions (29) to leading order: Because l α is along ∇ α u, we have
As one might expect, an asymptotically vanishing gauge vector can take one from a metric perturbation in a Lorenz gauge in which the IRG condition is approximately satisfied to a metric perturbation that exactly satisfies the condition: We exhibit in Appendix A an explicit, asymptotically vanishing, gauge vector from a generic outgoing solution h Lor αβ in a Lorenz gauge to an asymptotically flat metric perturbation in an IRG. An analogous gauge transformation leads for incoming radiation to an asymptotically flat metric perturbation satisfying n β h αβ = 0. Curiously, however, the CCK procedure yields metric perturbations in the two gauges that are asymptotically flat for the opposite cases: In the IRG, with l β h αβ = 0, the CCK procedure yields an asymptotically flat metric for ingoing radiation. For outgoing radiation the CCK procedure gives a metric whose dominant components are asymptotically of order r. Similarly, in the ORG gauge, with n β h αβ = 0, the CCK procedure yields an asymptotically flat metric for outgoing radiation. For ingoing radiation the CCK procedure gives a metric whose dominant components are asymptotically of order r. This then is the justification for the terms "outgoing" and "ingoing radiation gauge" introduced by Chrzanowski and used in the subsequent literature.
For the gauge (30), a Hertz potential Ψ is related to ψ 0 by four angular derivatives or four radial derivatives, and both of these alternatives are listed below. In subsequent sections, we will be concerned only with the specialization of these results to the Schwarzschild spacetime. In this case given a Ψ that satisfies the Teukolsky equation for ψ 0 , a metric perturbation in the radiation gauge ORG is given by
which we take as the starting point for the discussion that follows. Note that the sign in this equation is appropriate for a + − −− signature and is opposite to that in, for example, Wald [24] . In the ORG, Ψ is related to ψ 0 through four angular derivatives according to
where
There is a corresponding equation involving four radial derivatives, namely
where D is proportional to ∆, renormalized to make it the radial derivative along the ingoing principal null geodesics (the t → −t, φ → −φ version of D):
The corresponding equations for the (different) Hertz potential in the IRG are listed in the second line of the summary table below, with L :=ð + ia sin θ∂ t .
Gauge Gauge conditions
Radial equation Angular equation [35] , in which ∆ is defined as the GHP prime [37] of D. The Ori and LoustoWhiting papers also have an incorrect factor of two in each of the equations for Ψ that is inherited from an error in Kegeles-Cohen [21] .
These are equivalent to Eqs. (40) and (56) in Chap. 8 of Chandrasekhar [38] and their adjoint relations as defined there.
Explicit solutions to the equations for the Hertz potentials have been presented for a Schwarzschild background by Lousto and Whiting [25] and for Kerr by Ori [26] . Ori shows that the CCK procedure gives a unique Hertz potential in each gauge for each angular harmonic of Ψ. That is, for each harmonic, there is a unique Ψ that satisfies both the angular equation and the sourcefree Teukolsky equation; there is a unique Ψ that satisfies both the radial equation and the sourcefree Teukolsky equation; and the two solutions coincide. For ψ 0 proportional to the harmonic 2 S ℓmω , Ψ ORG is proportional to −2 S ℓ,−m,−ω . Note that, although Ori's metric reconstruction is done mode-by-mode, his statement of uniqueness of solutions does not explicitly restrict it to uniqueness of each angular harmonic. This is, however, a necessary restriction: As shown in Keidl et al. [28] , if one requires only that Ψ satisfy one of the radial or angular equations of Table II D, together with the appropriate Teukolsky equation, additional freedom remains. This freedom in the Hertz potential corresponds to the addition to the metric perturbation of type D solutions (changes of mass and spin and addition of a perturbed C-metric solution) and with gauge transformations of the perturbed metric.
With ψ 0 and the ORG Ψ decomposed in time and angular harmonics, Eq. (33) can be inverted algebraically as follows, at any r outside the particle's orbit -for r min < r < r max , where r min and r max are the perihelion and aphelion values of r. The harmonics of Ψ and ψ 0 each have the form
where R and S are solutions to the radial and angular Teukolsky equations, respectively, andR is to be determined. Using the identity sSℓmω = (−1) m+s −s S ℓ −m −ω , we can write the harmonic decomposition ofΨ in the form
The Teukolsky-Starobinsky identity (Eqs. (9.59) and (9.61) of Ref. [38] ) has the form
and λ CH , the angular eigenvalue used by Chandrasekhar [38] , is related to the separation constant λ of Eq. (4.9) of [19] by λ CH = λ + s + 2. Because Eq. (33) mixes Ψ andΨ, its inversion for each angular harmonic involves a linear combination of ψ 0ℓmω and ψ 0ℓ −m −ω . We find that the algebraic inversion gives the ORG Hertz potential in the form
We use this inversion for circular orbits in a Schwarzschild and Kerr background. For generic orbits, the individual harmonics ψ 0ℓmω do not satisfy the sourcefree Teukolsky equation in the region r min < r < r max , where r min and r max are the values of r at perihelion and aphelion; and the presence of a source invalidates the algebraic angular inversion. To find Ψ requires one to integrate one of the radial equations of Table I . With the Kinnersley tetrad, the IRG radial equation for Ψ has the simplest form: In Kerr coordinates u, r, θ,φ, where
we have Df (u, r, θ,φ) = ∂ r f (u, r, θ,φ). The radial equation for Ψ IRG is then ∂ 4 rΨ IRG = 2ψ 0 , with solution
satisfying the vacuum Teukolsky equation for ingoing radiation when the outgoing radial null ray does not intersect the particle. To find Ψ at points on a t = constant surface, one can use Eq. (42) outside the radial coordinate r 0 of the particle and a corresponding integral from the horizon to r for r < r 0 .
E. Gauge transformations of the self-force
In the form (3), the perturbed geodesic is parameterized so that its tangent is normalized to 1 with respect to the background metric. A gauge transformation of this equation was obtained by Barack and Ori [27] , and Appendix A gives an alternative, covariant derivation in terms of an infinitesimal diffeo of the metric and a family of unperturbed geodesics. With the same normalization, changing a background geodesic by a gauge transformation generated by ξ α changes its tangent vector by
and u α + δ ξ u α satisfies a geodesic equation of the metric perturbed by £ ξ g αβ . With the acceleration defined by
and a α u α = 0. Note that the right side vanishes if ξ α happens to drag a geodesic of the background spacetime to another geodesic of the background spacetime: This is the equation of geodesic deviation governing the connecting vector joining two neighboring geodesics of g αβ . For general ξ α , the right side of Eq. (44) then measures the failure of an infinitesimal diffeo generated by ξ α to produce a geodesic of the background metric. A particle in circular orbit has 4-velocity u α = u t k α , with k α = t α + Ωφ α a Killing vector. The perturbed spacetime with a particle in circular orbit is helically symmetric, symmetric with respect to k α . We show in Appendix A that, for a gauge transformation that preserves helical symmetry (for £ k ξ α = 0), the gauge-transformed self-force is given by
III. METHOD FOR COMPUTING THE SELF-FORCE ON AN ORBITING MASS

A. Overview
In this section we outline the method for computing the self-force in a radiation gauge. Subsequent sections will elaborate on the details of each step of the calculation. The method is a revision of that initially suggested in Refs. [28] and [39] . In broad terms, the steps involved in computing the self-force in a modified radiation gauge are: C. Using the CCK formalism described above, reconstruct the retarded metric perturbation in a radiation gauge, and find the perturbation in mass and angular momentum in an arbitrary gauge.
D. Find the expression for the self force as a mode sum involving the retarded field.
E. Find the renormalization coefficients for the singular part f s α of the self-force and compute f ren α .
In this approach, all fields are written as a sum of time and angular harmonics. The angular harmonics (25a) of ψ ret 0 have finite one-sided limits as r → r 0 :
For a Schwarzschild background the harmonics are spin-weight 2 spherical harmonics, while for Kerr they are oblate spheroidal harmonics whose form depends on the Kerr parameter a. For a Kerr as well as a Schwarzschild background, however, one can write the singular field in terms of spin-weighted spherical harmonics [40] [41] [42] , where each spinweighted spheroidal harmonic is a sum of the form
The computation of ψ ret 0 is straightforward, involving an integration of the radial Teukolsky equation (26) and the computation of spin-weighted spherical harmonics. In computing a Hertz potential Ψ ret from ψ ret 0 , our choice of radiation gauge is dictated by requiring that the CCK-constructed Ψ ret vanish asymptotically: We use the ORG and find Ψ ret as the solution of Eq. (40) to the angular equation. The tetrad components of the metric perturbation h ret αβ are then obtained from Eq. (32) and are used to compute the expression for the bare self-force in terms of h
The remainder of the problem is the mode-sum renormalization of the self-force and the recovery of the part of the metric perturbation that does not arise from ψ 0 . We discuss them in turn in the next two subsections.
B. Mode-sum renormalization in a radiation gauge
One can carry out a mode sum renormalization by finding the radiation-gauge version of the power series (13) that expresses the singular behavior of a ret for r > r 0 and r < r 0 near the position of the particle. We consider two ways to proceed: 1. One can find an analytic expression for a s α as a sum in powers of L, starting from an expression we derive below for ψ We begin with a discussion of the analytic method. We find an explicit expression for ψ s 0 to subleading order in the distance to the particle's trajectory in terms of components of the tetrad vectors along and orthogonal to the trajectory. We then characterize the powers of L that appear in the power series for a rets α . Finally, we turn to a description of renormalization by numerical matching. In Sec. IV below, we test the numerical method in a relatively simple case by comparing analytic and numerical renormalizations of ψ 0 for a particle in circular orbit in a Schwarzschild background.
Note that, in a mode-sum renormalization, the singular parts of the the perturbation in the metric and the self-force are determined by the large-L behavior of the retarded fields. They are, in particular, independent of the choice of gauge in which one describes perturbations of mass and angular momentum. 
gives a corresponding gauge-invariant decomposition of the perturbed Weyl scalars. From the expression for the perturbed Weyl (or Riemann) tensor in terms of the perturbed metric, we have
Although we will not need the Detweiler-Whiting form of the singular field, it is worth noting that using it would yield a smooth version of ψ Denote by ǫ := √ T 2 + X 2 + Y 2 + Z 2 the distance with respect to the Euclidean metric dT
of the local inertial coordinates introduced before Eq. (9). We will argue below that the self-force in our modified radiation gauge, like that in a Lorenz gauge, has dominant singular behavior of order ǫ −2 and can be regularized by subtracting leading and subleading terms in ǫ. These arise from the leading and subleading terms in ǫ in ψ 
From this we obtain
One can, of course, also obtain (53) and (54) For each of the quantities ψ 0 , Ψ, h αβ , and a α , we will use the subscript ℓ to denote the sum over m of the contributions from angular harmonics associated with ℓ, m, and we suppress the index ω. The equations that relate ψ 0 and Ψ do not mix spin-weighted spheroidal harmonics, and Ψ s is most simply found as a sum of these harmonics. The equations, (32) and (3) , that relate Ψ to h 
In Sec. IV and Appendix C, we find the large-L expansion of ψ 0 for a particle in circular orbit in a Schwarzschild background (restricting consideration to the part of ψ 0 axisymmetric about the position of the particle). Because the Hertz potential Ψ ret involves four integrals of ψ 0 , its singular part has to subleading order in L the form
This behavior also follows from the explicit form (40) of Ψ ℓmω , together with the fact that, for large ℓ, the spheroidal eigenvalues λ approach their spherical values, λ/ℓ 2 → 1. The leading term in the expansion is then immediate from the leading term in (55), while subleading terms involve the expansion of λ (found analytically or numerically) in terms of L.
The metric perturbation involves two derivatives of Ψ, implying that the singular and retarded fields in a radiation gauge have the same leading power of L as their Lorenz counterparts,
Finally, the self-force f ren,RGα is computed from ∇ γ h ren,RG αβ , using Eq. (3). As in the Lorenz gauge, the additional derivative gives the behavior
The renormalized acceleration at the position of the particle is then given by
As noted in the introduction, for a particle in circular orbit in a Schwarzschild background, we find that the large L expansion of a s RGα agrees through O(L 0 ) with
differing only by a constant from its form in a Lorenz gauge. This form of a s RGα does not contribute to the self-force, because Eq. (6) is satisfied -the small-ρ angle average of a s RGα vanishes. Thus in this case, we can identify the singular field with its leading and subleading terms as a power series in L,
For a CCK radiation gauge, there is as yet no general proof that a s RGα is given by its leading and subleading terms. This is true in a Lorenz gauge, and we expect it to hold for a radiation gauge as well, with an argument based on the common property that a sα can be expressed (for r > r 0 or r < r 0 ) as a power series that begins at O(ǫ −2 ) and involves positive powers of the coordinate differences x µ − x µ 0 and odd powers of ρ. Without a proof, one must check that the computed a sα satisfies Eq. (6). In the Schwarzschild example below, the coordinate expression for ψ s 0 to subleading order is a sum of more than 25 terms, and to find its large-L expansion we computed the large-L expansion of each term. Finding the corresponding large-L expansion for a s RGµ involves finding a large-L expansions of all combinations of three derivatives of each of these terms for each component of a s RGµ . Without significant insight, this would mean finding the large-L expansion of about 300 terms. Given the simple form that a sα takes for the Schwarzschild circular-orbit there may be a similar form in the generic case and a much simpler way to find it. In its absence, the numerical method is much easier to use.
Numerical method
The renormalization coefficients occuring in Eq. (58) for a 
finding the E µ k that yield a best fit. A numerical check is that subtraction of the order L −k term reduces the order of the series by one power of L. And one should check that the reduction of order holds for values of L larger than those used to obtain the coefficients in the matching. Finally, one checks numerically that f reg,µ converges to a value f ren,µ as the cutoff ℓ max increases. The disadvantage of the numerical matching method is that, for a given desired accuracy in a renα , one must compute a retα to higher values of ℓ than is required when one or more renormalization coefficients are known analytically.
To identify a s α ℓ with A µ± L + B µ± , one must again show that a sα satisfies Eq. (6). This can done if one can find for each component a µ expressions in terms of ρ and the coordinate differences x µ − x µ 0 whose large-L expansion is A µ± L + B µ± , and if this expression satisfies (6) . If the limiting angle-average has a finite value, that finite value must be added back, in accordance with Eq. (4), to find the self-force.
Equivalently, if the first two terms in this L-expansion correspond to the terms of order ǫ −2 and ǫ −1 in the positionspace expansion, so that the terms involving E k correspond to terms of order ǫ and higher, then these latter terms sum to zero. We suspect this is the case for a radiation gauge, because the behavior of the singular field as a power series in L implies behavior in ǫ that is no more singular than in a Lorenz gauge and corresponds for r > r 0 and r < r 0 to a power series in ǫ. This is consistent with our numerical construction of the singular part of the self-force for a particle in circular orbit in Schwarzschild.
With 
with an error of order ℓ −(n+1) max . To justify the numerical method, we present in Sec. IV below a comparison of the analytic and numerical determination of renormalization coefficients for the axisymmetric part of ψ 0 and their contribution to the self-force. The companion paper presents the full numerical computation of the self-force for a particle in circular orbit in a Schwarzschild background. Checks of the work include a numerical computation of a quantity h αβ u α u β that is invariant under helically symmetric gauge transformations and has previously been computed in Lorenz and Regge-Wheeler gauges.
C. Mass and Spin: The Remaining Metric
The CCK reconstruction of the metric perturbation from ψ 0 gives a perturbed metric for which there is no change in the mass and angular momentum. For a Schwarzschild background, this is immediate from the fact that ψ , and the correction to its Schwarzschild behavior is at O(r −3 ). To complete the metric reconstruction one needs to add the contributions from a change in the mass and angular momentum of the spacetime outside r = r 0 . Satisfying the perturbed field equation also requires a discontinuous gauge transformation associated with a change in the system's center of mass. That nothing further is needed follows from an minor extension of a theorem by Wald that implies that a perturbed vacuum metric is determined up to gauge transformations and the addition of a Petrov type D perturbation of the black-hole geometry [43] . There are four kinds: (i) an infinitesimal change in the black hole's mass and (ii) in its spin; (iii) the perturbative version of the C-metric and (iv) the perturbative version of the Kerr-NUT solution. The type D perturbations are all stationary and axisymmetric, and only the mass and angular momentum perturbations are smooth in the region exterior to the black hole: The C and Kerr-NUT perturbations are each singular on their axis of symmetry, coinciding for a Kerr background, with the axis of symmetry of the Kerr geometry. If we were dealing with a source-free perturbation, regularity at the horizon and at infinity would rule out the addition of Kerr-NUT and C-metric perturbations, and, after a choice of gauge, we would be left with changes in mass and angular momentum (and gauge transformations). To extend the argument to h ret αβ in our case, we note that smoothness of each time-harmonic of ψ ret 0 for r = r 0 , together with the explicit form (40) , implies that Ψ ret is smooth for r = r 0 . That is, smoothness of ψ ret 0 implies that the coefficients of each angular harmonic in its decomposition fall off faster than any power of L. Eq. (40) implies that the coefficients of the angular harmonics of Ψ fall off still faster in L. Thus each time harmonic of Ψ is smooth and has no contribution from a C or Kerr-NUT perturbation.
The contributions to the retarded field of mass and spin were examined by Detweiler and Poisson [44] and by Price [45] . With the Hertz potential restricted to ℓ ≥ 2 (for a Schwarzschild or Kerr background), there is no local contribution to mass and angular momentum. For r < r 0 , this is the appropriate solution for the retarded field. For r > r 0 , one has to determine in any gauge four parameters corresponding to changes in mass and spin (two correspond
momentum along its direction in the background Kerr spacetime can be found from the integrals
over any hypersurface intersecting the trajectory. (For a Schwarzschild background, all components of δJ are determined in this way.) The remaining parameters are determined by jump conditions in the field equations across r = r 0 . Although the metric perturbations corresponding to changes in mass and spin can be written in a radiation gauge, we do not see a good reason to do so. In particular, the radiation gauge form of a mass perturbation that arises from a Hertz potential has a singularity on the radial ray through the particle. (There is an alternative radiation-gauge form of a mass perturbation that is nonsingular on the axis of symmetry [39] , but it has no obvious advantage over a mass perturbation in another gauge.) Instead we use for h ret αβ a radiation gauge for ℓ ≥ 2, together with an arbitrary convenient gauge for ℓ < 2.
D. Leading order parity of ψ0, Ψ and h αβ
We now consider the parity of the perturbed metric in a radiation gauge. Gralla's criterion is that the projection of the perturbed metric to a surface orthogonal to the particle's 4-velocity is even under parity to leading order in ρ. Parity here means the locally defined diffeo that exchanges points at the same geodesic distance on opposite sides of each geodesic orthogonal to the particle trajectory; and the associated hypersurface spanned by geodesics orthogonal to a point P of the trajectory is the surface onto which h αβ is projected. Because the invariance under parity is only to leading order, we can define parity in terms of local inertial coordinates T, X, Y, Z as the diffeo P : (T, X, Y, Z) → (T, −X, −Y, −Z). The Weyl tensor has to leading order in ρ its flat-space form, implying that it is even (invariant) under both parity and time-reversal, where time reversal, T , exchanges points with coordinates ±T, X, Y, Z. (Its behavior under both parity and time-reversal will be needed in the argument below. ) We first show that these symmetries are retained by the singular form of ψ 0 , given by Eq. (53). Because the tetrad vector fields l α and m α (and n α ) are smooth, they are constant near a point P on the trajectory to leading order in ρ (as long as the particle is not on the θ = 0, π axis, where m α is not defined). The corresponding scalars l α ∇ α T and m α ∇ α T are then even to leading order under parity. Because the cartesian components of ∇ α ρ have opposite signs at diametrically opposite points (T, X, Y, Z) and (T, −X, −Y, −Z), the scalars l α ∇ α ρ and m α ∇ α ρ are odd under parity.
2 is even and hence ψ 0 is even under P to leading order in ρ. Similarly, the scalars l α ∇ α T and m α ∇ α T are odd to leading order under time-reversal; and l α ∇ α ρ and m α ∇ α ρ are even, implying that (l T m ρ − l ρ m T ) 2 and ψ 0 are even to leading order under time reversal. To show that Ψ is even under parity to leading order in ρ requires additional steps. First, because Ψ is obtained from ψ 0 as a sum of angular harmonics, we use the fact that the leading order parts of ψ 0 and Ψ in ρ for small ρ are associated by the transform to angular harmonics with the leading order in L part of its angular harmonics, for large L, as described in Appendix B. In particular the leading terms in ρ of ψ 0 and Ψ are, respectively, O(ρ −3 ) and O(ρ), and they correspond to the large-L terms of order O(L 2 ) and O(L −2 ) in the angular harmonics. Second, Eq. (40), expressing Ψ in terms of ψ 0 , involves angular harmonics of ψ 0 on a surface of constant t, a surface that is not perpendicular to the particle trajectory; because of this, the plane tangent to the surface is not invariant under parity. It is, however, invariant under PT , implying that the restriction of ψ 0 to a constant t surface is invariant to leading order under PT (Restricted to the constant t surface, PT is a parity transformation about P .) It follows that Ψ s and h s αβ are also invariant to leading order under PT . We give the argument in terms of the the angular equation (33) for Ψ. The right side of this equation is dominated for large L by its first term, having to leading order the form
that is, because L 4 is, for large L, quartic in λ and ω, it dominates the second term. (One cannot look at the large L limit with ω fixed, because ω is not independent of L: For a circular orbit, for example, ω = mΩ.) For the particle at θ 0 = 0, π, L has to leading order in ρ the form L = ∂ θ + i csc θ 0 ∂ φ − ia sin θ 0 ∂ t . In Boyer-Lindquist coordinates, PT is given to leading order in ρ by (t, r, θ, φ) → (2t 0 − t, 2r 0 − r, 2θ 0 − θ, 2φ 0 − φ), implying that each term in this leading form of L is odd under PT . Then L 4 is even to leading order:
The parts of Ψ that are even and odd under PT then have sources that differ by one order in L:
With a source smaller by one order in L, the algebraic inversion (40) then gives Ψ odd smaller than Ψ even by one power of L.
Next note that, because ρ is independent of T and the tetrad vectors are smooth (and hence constant to lowest order in ρ), ψ 0 is independent of T to lowest order in ρ. That is, translating ψ 0 by ∆T changes it only by a term of order ψ 0 ∆T , from the O(∆T ) change in the tetrad vectors. Now time-translating Ψ from a point on the t = 0 surface to a point on the relatively boosted T = 0 surface through the same point P of the trajectory involves a translation by a time ∆T proportional to ρ and hence changes Ψ only to subleading order in ρ. Thus Ψ is invariant under P to leading order in ρ.
Finally, a tensor T αβ is invariant under P if T αβ = P * T αβ , where the pullback P * T αβ has components in coordinates {x µ } given by (
(We have used P −1 = P.) In terms of the coordinates (T, X, Y, Z), the requirement that the spatial projection of h αβ is invariant under parity is equivalent to the condition that each spatial component h ij is even under parity
That this condition is satisfied follows from Eq. (32) for h αβ in terms of Ψ and the fact that the leading, O(ρ −1 ), part of h αβ comes entirely from terms quadratic in the derivative operators, in ∆, δ andδ. Because Ψ is independent of T to leading order in ρ, each derivative operator along a tetrad vector involves only the spatial (X i ) components of the vector, implying that the quadratic derivatives ∆ 2 Ψ, . . . ,δ 2 Ψ all have even parity to leading order. Finally, the lowest-order constancy of the tetrad vectors implies that the products of their components n i n j , . . . ,m (imj) in local inertial coordinates are even to leading order in ρ under parity. We conclude that the projection of h ret,RG ij orthogonal to the 4-velocity is even under parity at leading order in ρ: to O(ρ −1 ).
2
IV. PARTICLE IN CIRCULAR ORBIT IN A SCHWARZSCHILD GEOMETRY
As a simplest explicit example of the method, we consider a particle of mass m in circular orbit at radial coordinate r 0 about a Schwarzschild black hole of mass M . In this section we compare the numerical and analytic renormalization methods by looking at the mode-sum renormalization of the axisymmetric part of ψ 0 . We first compute the retarded field; we then find an analytic expression for the singular field to subleading order; finally, we obtain the renormalization coefficients of the singular field numerically, finding agreement to high accuracy with their analytic values. The numerical computation of the self-force is described in the companion paper.
We work in Schwarzschild coordinates and adopt the notation
The Kinnersley tetrad vectors have components
With this choice of tetrad the nonzero spin coefficients are 
The only nonzero component of the background Weyl tensor is
The particle's 4-velocity is
with t α and φ α timelike and rotational Killing vectors and with u t = 1 − 3M/r 0 . Its energy and angular momentum per unit mass, E := −u α t α and J := u α φ α , are given by
From Eq. (32), the nonzero components of the metric perturbation are
To compute the self-acceleration (3) in terms of these tetrad components, we use the relations
to write
(81) Then, expanding the covariant derivatives and using Eqs. (72) and (73), we find
. .(82)
A. The retarded field
The retarded fields ψ ret 4 and ψ ret 0 are simplest to compute in coordinates for which the unperturbed orbit lies in the θ = π/2 plane. The particle's trajectory is then given by φ = Ωt, where Ω = M/r 3 0 . From Eq. (1), its stress-energy tensor is
Because the source and the background metric are both helically symmetric, Lie derived by t α + Ωφ α , the retarded fields -metric and Weyl tensor -will also be helically symmetric. Because the tetrad vectors (71) are also helically symmetric, the symmetry is shared by the scalars ψ ret 0 and ψ ret 4 , which therefore only involve φ and t in the combination φ − Ωt. In the harmonic decomposition, φ and t then occur only in the combination e im(φ−Ωt) , and the frequency associated with each value of m is ω = mΩ.
The scalars ψ ret 4 and ψ ret 0 satisfy the Bardeen-Press equation [46] , the a = 0 form of the Teukolsky equation, namely
We will work with ψ ret 0 , whose source, from Eq. (24a), has the form
where the superscripts indicate the maximum number of radial derivatives in each term. From Eq. (83), these terms have the explicit forms
Each mode of ψ 0 or ψ 4 ,
has radial eigenfunction R 0 or R 4 satisfying the radial equation corresponding to its spin-weight:
where the prime denotes a derivative with respect to the radial coordinate r. Solutions to these equations are related by
To compute ψ ret 0 , it is helpful to define a Green's functionĜ(r, r ′ ) as the solution to
where R H and R ∞ are solutions to the radial equation for ψ 0 that are regular at the horizon and at infinity, respectively, and the quantity
is a constant, independent of r. The full spatial Green's function
The Weyl scalar ψ 0 is defined and smooth everywhere except on the trajectory of the particle. It is given in terms of the source and the Green's function G(x, x ′ ) by
where the superscripts on ψ 0 correspond to the three terms in Teukolsky source function defined in Eq. (85). The three terms in Eq. (97) have outside the particle trajectory 3 the form
[imΩr
B. The singular field
Because the conservative part of the self-force is radial, it is axisymmetric about a radial ray through the particle. We will compare the analytic to the numerical determination of the singular part of a Weyl scalar by looking at the axisymmetric part of ψ 0 and (in Appendix D) its contribution to the self-force. We outline the calculation of the leading and subleading terms in the axisymmetric part of the singular field ψ s 0 as a sum of angular harmonics 2 Y ℓ0 (Θ) whose coefficients are polynomials in ℓ, with angular coordinates Θ and Φ chosen so that the Θ = 0 line (at fixed t) is the radial line through the particle. Details of the conversion from a small distance expansion to a large L expansion are left to Appendix C.
The analytic expression for the resulting renormalization coefficients is then compared to a numerical determination by matching the retarded field to a power series in L. Remarkably, although the subleading part of ψ s 0 is a lengthy expression -Eq. (C1), we will see that its axisymmetric part, written as a sum over angular harmonics, vanishes. Because the angular harmonics 2 Y ℓm are complete in L 2 (S 2 ), this means that, as a distribution, ψ With the usual association of Cartesian coordinates x, y, z to r, θ, φ and ofx,ŷ,ẑ to r, Θ, Φ, the map is x =ẑ, y = x, z =ŷ. Eq. (53) for ψ s 0 involves the components l T = l α ∇ α T and l ρ = l α ∇ α ρ. We obtain these to subleading order in terms of Schwarzschild coordinates: That is, with ǫ the distance from the particle's position P with respect to the positive-definite metric g αβ + 2u α u β , the leading and subleading terms in T and ρ are O(ǫ) and O(ǫ 2 ), respectively. The corresponding leading and subleading terms of l T and l ρ are then O(1) and O(ǫ). Expansions of ρ and of the local inertial coordinates T, X, Y, Z about a point P in terms of Schwarzschild coordinates are given, for example, in Ref. [47] . To subleading order, T has the form
It is convenient to work with ρ 2 instead of ρ; to subleading order, we have ρ 2 = ρ (2) + ρ (3) , where the order ǫ 2 and ǫ 3 contributions are, respectively,
We use Eq. (53). This expression omits δ-functions with support at the position of the particle. These do not contribute to the renormalization of the retarded field if the renormalization is done by subtracting the singular field from the retarded field in a neighborhood of the particle, averaging over a sphere surrounding the particle, and then taking the limit as the radius of the sphere shrinks to zero (the Quinn-Wald prescription [16] ). In a mode-sum regularization, we discard δ-functions with support at the particle in both the singular and the retarded field.
The background Kinnersley tetrad written in terms of Θ and Φ is
We now expand the needed tetrad components to subleading (quadratic) order in Schwarzschild coordinates, about their values at P , using superscripts (0) and (1) as above to denote orders in ǫ and writing
The terms in parentheses in Eq. (53) are then given to subleading order by
and ρ −5 is given by
implying
The expression for ψ s 0 as a mode sum is obtained from the value of this expression at t = t 0 . The full expression, including terms involving t − t 0 is given in Appendix (C). We denote by ψ 
The axisymmetric part of each of these terms is proportional to an expression of the form
where k 1 , k 2 and k are positive integers, and δ, given by Eq. (C6), is proportional to r − r 0 . In Appendix C, following DMW, we use the generating function for Legendre polynomials,
and its derivatives to express each term as a sum of Legendre polynomials and their derivatives. We then use a relation between the spin-weighted harmonics s Y ℓm and Legendre polynomials to write the series in terms of the harmonics 2 Y ℓ0 . The leading order part of ψ s 0 then has the form 
Shown below is a table of the fractional error in A and B when found numerically and compared to the analytic form given by Eq. (114). Details of the numerical methods and checks of numerical accuracy are given in the companion paper. TABLE II: The fractional error in the renormalization coefficient A and the error in B for ψ0 is given here for a particle in circular orbit in a Schwarzschild background at radius r0. ∆A and ∆B are the differences between the coefficients obtained numerically and by using the analytic expression (C37). The analytic value of B is zero.
V. BRIEF DISCUSSION
The methods discussed in this paper for finding the self-force in a radiation gauge have been used to find the self-force on a particle in circular orbit in a Schwarzschild spacetime, and work on orbits in a Kerr background is now underway. The advantage of a radiation gauge is the ease with which the retarded field can be computed. A disadvantage is the difficulty in analytically computing the singular field h s αβ from ψ s 0 . We have avoided this difficulty by using a numerical matching procedure to find the singuar field, and the companion paper shows that the numerical matching reproduces the renormalization coefficients for gauge-invariant quantities to machine accuracy, for the Schwarzschild example.
We have shown that the perturbed metric in a radiation gauge generically has even parity to leading order in geodesic distance ρ to the particle trajectory. Using the renormalized field to compute the perturbed geodesic then relies on showing that the singular field gives no contribution to the self-force. The companion paper checks this for a particle in circular orbit in a Schwarzschild spacetime, in which the self-force is symmetric about a radial line through the particle. We numerically compute the axisymmetric part of the singular field and find that to subleading order it coincides with the axisymmetric part of −m∇ρ −1 ; it thus gives no contribution to the self-force at order ρ 0 . This regular behavior of the singular part of the self force may seem remarkable, given the line singularity in a radiation gauge that arises when one includes the perturbed mass in a radiation-gauge metric obtained from a Hertz potential. It is less surprising, however, if one considers a particle at rest in flat space. When principal null directions are chosen to have an origin not on the particle trajectory, ψ 0 is nonzero, and the ℓ ≥ 2 part of the metric can be reconstructed in closed form in a radiation gauge using the CCK procedure. The self-force of course vanishes, with the contribution from the singular field coinciding with that from the retarded field; but the contribution from each is nonzero and gauge invariant under time-independent guage transformations. This implies that the singular part of the expression for the self-force in a radiation gauge has its Lorenz form −m∇ α ρ −1 . For a circular orbit, the result is implied by the fact that the gauge transformation of the self force can be written in a form, Eq. (A24), that involves no derivatives of the gauge vector ξ α , together with the fact that ξ α is O(ρ 0 ). For generic orbits, the gauge transformation involves (u · ∇) 2 ξ α , and it remains to be seen whether the singular part of the self force can again be identified with −m∇ α ρ −1 .
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with solutionξ
A result of Price et al. [36] shows, for a vacuum perturbation satisfying the condition l β h αβ = 0, that the remaining gauge condition, h = 0, is also satisfied. That is, when h 1µ = 0, we have h = −2h 34 ; and from Eq. (16) of that paper, the perturbed Einstein equation δ(G 11 − 8πT 11 ) = 0 implies 
The corresponding harmonics for the metric perturbation are
The gauge transformation for a Kerr background is governed by the equations
The components ξ µ are given successively bỹ
Asymptotic regularity follows from the asymptotic behavior (A1) of components along l α of outgoing waves in a Lorenz gauge. And the Price et al. result again implies h = 0.
IRG perturbed metric for ingoing radiation
The Hertz potential construction yields an asymptotically flat IRG form for each ingoing asymptotically flat metric perturbation. We find the gauge transformation from transformation from a Lorenz gauge to this asymptotically flat IRG. For simplicity, we restrict consideration to a Schwarzschild background.
In Eqs. (A4) and (A5) the outgoing null coordinate u is replaced by the ingoing null coordinate v = t + r * . In Eqs. (A7) ∂ r is the replaced by e −2imωr * ∂ r e 2iωr * , and the solution has the form
Now, however, because the radiation is ingoing,h 11 ∼ e iωr * /r, when ω = 0. Asymptotic flatness follows from the relation 
Gauge transformations of the self force
A gauge transformation of the self-force was obtained by Barack and Ori [27] . We give an alternate, covariant derivation, mention a second kind of gauge freedom, and obtain a simpler form of a gauge transformation of the self-force for a particle in circular orbit.
A gauge transformation is an infinitesimal diffeomorphism that drags an unperturbed geodesic of the background metric to a neighboring curve that is a geodesic of the dragged-along metric. This can be stated precisely in terms of a congruence of timelike geodesics through a neighborhood of a point P . The dragged metric at P differs from the original metric by h αβ = £ ξ g αβ , and the perturbed geodesic through P has 4-velocity altered by δu α = £ ξ u α . The perturbed geodesic equation associated with a perturbation that is pure gauge has the form
and
and with the perturbed acceleration defined byδa α :=δu
In this form, u α +δu α is normalized to −1 with respect to the perturbed metric g αβ + h αβ , and the geodesic equation is affinely parameterized with respect to the perturbed metric. If the geodesic is parameterized so that its tangent is normalized to 1 with respect to the background metric, and we denote by δ ξ u α the change in u α with that normalization, then
and a α u α = 0. Note that the right side vanishes if ξ α happens to drag a geodesic of the background spacetime to another geodesic of the background spacetime: This is the equation of geodesic deviation governing the connecting vector joining two neighboring geodesics of g αβ . For general ξ α , the right side of Eq. (A21) then measures the failure of ξ α to produce a geodesic of the background metric. The effect of a gauge transformation on the perturbed geodesic equation (3) is to replace δu α by δu α + δ ξ u α and a α by a α + δ ξ a α . There is a second kind of gauge freedom, an infinitesimal change in the background geodesic to which one compares a geodesic in the perturbed spacetime. The perturbed geodesic at an initial point of the trajectory can then be changed from u α to u α + δu α , with a α = 0. This allows one to regard the right side of Eq. (A21) as the change in the perturbed geodesic equation for a geodesic through an initial point P with the same initial tangent vector as that in the original gauge.
For a particle in circular orbit, the gauge transformation of the self-force takes a simpler form for a gauge vector that is helically symmetric. Writing u α = u t k α , with k α the Killing vector t α +Ωφ α , and using the relations
The last term cancels the last term in Eq. (A21) to give
with corresponding gauge-transformed self-force
For a particle in circular orbit in a Schwarzschild background, Eq. (A23) takes the form [49] 
Appendix B: singularity and large ℓ behavior
Mode-sum renormalization involves relations, like the formal harmonic decomposition
between the short-distance (ultraviolet) singular behavior of a function and the large-ℓ behavior of its harmonics. The angle θ is geodesic distance on the unit 2-sphere S to the origin θ = 0, and in this example, a function that behaves like θ −1 has angular harmonics that behave like L −1/2 , where, as in the body of the paper, L = ℓ + 1/2. In this appendix, we review how one characterizes the large ℓ behavior of functions whose explicit angular harmonics are not known; and we give a precise meaning, in terms of distributions on the 2-sphere, to formal expressions like the divergent right side of Eq. (B1) and to the angular harmonics of functions like f = θ −n for which the integral dΩfȲ ℓm diverges. We initially restrict the discussion to ordinary spherical harmonics and then generalize it to spin-weighted harmonics.
The angular harmonics of the retarded fields are limits as r → r 0 of angular harmonics of expressions that are nonsingular on spheres of radius r = r 0 . One therefore defines the angular harmonics of the singular field in the same way; and we end by showing that our formalism reproduces the harmonic decomposition defined in this way.
The general relation between small-angle and large-ℓ behavior is essentially identical to the relation between a shortdistance singularity in a function f (x) and the behavior of its Fourier transformf (k) at large k. In one-dimension, for example, the n th derivative of a function f (x) is square integrable if and only if k nf (k) is square integrable, because
Similarly, the n th derivative of a function f (θ, φ) = ℓm f ℓm Y ℓm on S is square integrable if and only if ℓ n f ℓm is square summable: With D a the covariant derivative operator of the metric ds 2 = dθ 2 + sin 2 θdφ 2 on S, the angular Laplacian is D 2 := D a D a , and we have
One extends this relation to functions like (1 − cos θ) −3/2 that are not square integrable by regarding them as distributions obtained by taking derivatives of functions like (1 − cos θ) 1/2 that are square integrable. If f is any distribution on S, f ℓm = dΩfȲ ℓm exists, because Y ℓm is smooth. Thus, for example, writing
gives f = (1 − cos θ) −3/2 as a distribution with
For any distribution f , the right side of Eq. (B4) is finite for some negative n, with increasingly singular distributions corresponding to increasingly negative values of n. To obtain a theorem that relates in this way the short-distance and large-ℓ behavior of distributions, we define the standard spaces of functions whose first n derivatives are square integrable, the Sobolev spaces H n , and then extend the definition to spaces H r of distributions, where r can be negative (and need not be an integer).
Recall that the Hilbert space L 2 (S) is the completion of smooth (C ∞ ) functions in the norm f defined by
is positive definite with eigenvalues L 2 .
Definition. For positive integers n, the Sobolev space H n (S) is the completion of smooth functions in the norm · n defined by
Because the right-hand side is a sum of terms of the form
a function has finite norm if and only if the function and its first n derivatives are square integrable. In particular,
is positive definite, it has a well-defined square root, and we can write the definition of the norm in the more concise form
The action of the operator D on a distribution f is given by
Equivalently, Df is defined by its action on smooth functions g,
We can now define H r (S) for all real r: Definition. The Sobolev space H r (S) is the completion of smooth functions in the norm · r defined by
With inner product defined by
the space H r is a Hilbert space. The relation
implies that a distribution f is in H r if and only if the sequence (f ℓm ) of its angular harmonics has finite norm
Formally, for each r, one can turn the set of sequences (f ℓm ) of complex numbers into a Hilbert space 4 with norm (f ℓm )˜ r . A function f is smooth if and only if it is in H r for all r, implying that the elements of a sequence (f ℓm ) are the angular harmonics of a smooth function if and only f ℓm falls off faster than any power of ℓ: lim ℓ→∞ ℓ n |f ℓm | = 0. A second immediate consequence of the correspondence is the fact that D maps H r to H r+1 and that the Laplacian maps H r to H r+2 . (In fact, these maps are isomorphisms.)
The function θ −1 is nearly square-integrable, with the integral dΩ θ −2 diverging only logarithmically and dΩ θ −2+ǫ finite for all ǫ > 0. This suggests that θ −1 ∈ H −ǫ for all ǫ > 0, and that is in fact the case: From Eq. (B1), the function f = (1 − cos θ)
(Again, for ǫ = 0, the sum diverges logarithmically.) Thus (1 − cos θ)
, the function θ −1 and any other function with the same singular behavior belong to H −ǫ . From Eq. (B5), successive applications of D 2 imply θ −n ∈ H −n−ǫ . If a function has singular behavior θ −n for integer n and if f ℓm has singular behavior L s , for some s, it follows that s = n − 1 2 .
Finally, a formal sum f = ℓm f ℓm Y ℓm (θ, φ), like the right side of Eq. (B1), has the meaning f (g) = ḡ ℓm f ℓm , for smooth g.
Finally we must relate this formalism to angular harmonics of functions f (r, θ, φ) that are singular at r = r 0 and smooth for r = r 0 , when those harmonics are found as
We suppose that f can be written in the form D r F , where F (r, θ, φ) is continuous everywhere and smooth for r = r 0 and where D is an operator for which D and D † have domains that include C ∞ (S). Then, for g smooth,
ℓm f ℓm , and the Hilbert space is the completion in the norm ·˜ r of sequences for which lim ℓ→∞ |f ℓm |ℓ n = 0 (these are the sequences corresponding to smooth functions).
Because this last expression is, by definition, the action of the distribution f (r 0 ) = D n F (r 0 ) on g, we have the claimed equivalence lim r→r0 dΩf g = dΩf (r 0 )g(r 0 ).
where the symbol . = means equality of both sides as distributions on the sphere. In particular, the regularization proceeds by imposing a cutoff ℓ max on the singular field and on the retarded field; the projection P of the distribution (C9) onto the subspace ℓ ≤ ℓ max is the smooth function 
The second term is proportional to 
and solving for α and β gives α = β = 
The axisymmetric part of the third term (its angle average over Φ) vanishes.
We next use the same techniques to express the subleading terms in ψ s 0 as power series in P ℓ with coefficients polynomial in ℓ. The axisymmetric parts of the second, fourth, seventh and eight terms vanish. In each of the remaining terms, Eq. (C12) is used to expand an expression involving a power of δ 2 + 1 − cos Θ, and in each case we find that the term is proportional as a distribution to the sum 
The third term is proportional to 
The sixth term is proportional to 
The axisymmetric parts of the second, fourth, seventh and the eighth terms vanish.
We have obtained the leading terms as series of Legendre polynomials, and we now convert them to series involving 2 Y ℓ0 . We begin with P 
where C ℓℓ ′ = 4π(ℓ − 1)l(ℓ + 1)(ℓ + 2) (2ℓ + 1)
Regarding P ℓ (cos Θ) and P ′ ℓ (cos Θ) as elements of L 2 (S 2 ), we find
n (cos Θ),
5 That is, the coefficients A ℓn and B ℓn are obtained from the inner products of P 
with d ℓ,n = 1, n − ℓ a positive even integer, 0, otherwise.
The form of these coefficients was found by numerical experiment for ℓ, n < 10 and then checked as rational numbers for larger values. The second term in the expression for the leading part of the singular field is proportional to the right side of Eq. (C16); and we now show for each ℓ that the bracketed expression vanishes as an element of L 2 . We have
For ℓ ′ even, the sum over ℓ in Eq. 
follows. A similar manipulation yields the same identity for ℓ ′ odd. We conclude that the projection of the distribution Here the subscript S-SL refers to singular subleading. From Eqs. (40), (32) and (D1), we find . In using Eq. (40) to calculate A and B, we ignore the term involving ∂ t Ψ ∝ mΩΨ, because it smaller than the leading term by three powers of ℓ.
We numerically calculate a r,ret [h 11 ] by matching it to a series in L of the form a r,ret
Shown below is a table of the fractional error in A and B when found numerically for the self-force's contribution from the axisymmetric part of h 11 . 
